Hirota bilinear method is proposed to directly construct periodic wave solutions in terms of Riemann theta functions for (2 + 1)-dimensional Toda lattice equations. The asymptotic properties of the periodic waves are analyzed in detail, including one-periodic and two-periodic solutions. Furthermore, the curves of the solutions are plotted to analyze the solutions. It is shown that well-known soliton solutions can be reduced from the periodic wave solutions.
Introduction
It is well known that there are many successful methods to construct explicit solutions for differential equations, such as the scattering transform [] , the Darboux transformation [], Hirota direct method [-], algebra-geometrical approach [-], etc. Quasi-periodic or algebraic-geometric solutions can be obtained by using algebraic-geometric approach; however, the forms of their solutions are complicated with the help of a Riemann surface and the Abel-Jacobi function. The Hirota direct method provides a powerful approach to construct exact solutions of nonlinear equations. Once nonlinear equations are written in bilinear forms by a dependent variable transformations, then multisoliton solutions and rational solutions can be obtained. Nakamura [, ] in  and  presented oneperiodic wave solutions and two-periodic wave solutions based on the Hirota method with the help of the Riemann theta function, where the periodic solutions of the KdV and Boussinesq equations were derived. The important advantages of this approach, as first demonstrated in Dai et al. [] for the KP equation, are that the solution profiles can be explicitly plotted and by using suitable asymptotic limits multisoliton solutions can be deduced from the quasi-periodic solutions. The procedures introduced in Dai et al. [] are adopted by other authors to study a number of soliton equations for constructing quasi-periodic solutions (see [-] ).
The problems of the Toda lattice have been subjected to a number of investigations. Nakamura [] studied the ( + )-dimensional Toda equation, and its solutions are expressed by the series expansions of the Bessel functions. Krichever For the D Toda lattice equation The paper is organized as follows. In Section , we derive a bilinear form of the D Toda lattice equation. In Section , one-periodic wave solutions and asymptotic behaviors are given; moreover, some solution curves are given. In Section , we obtain two-periodic wave solutions and their asymptotic behaviors; similarly to Section , some solution curves for imaginary parts are dropped.
Bilinear form of the 2D Toda lattice equation
We consider the equation
Under the transformation
where c = c  (n)x + c  (n)y + c  (n), which arises as a result of integration. The Hirota bilinear differential operator is defined as
and the difference operator is defined as
From the definition of the Hirota operator we have the relations
where
Moreover, it is easy to deduce the relations
3 One-periodic wave solution and asymptotic behavior
One-periodic wave solution
We consider the Riemann theta function solution of the bilinear form of the D-Toda lattice equation
, τ is a symmetric matrix with Im τ >, and
We consider the case where N = . Then (.) becomes
In order that the above form can be a solution, p, l, and μ cannot be independent, and we proceed to find their relations. Substituting (.) into (.) and using property (.)-(.), we have
where the new summation index m = k + k is introduced, andG(m) is defined bỹ
In equation (.), letting k = k + , we have the relatioñ
In this way, we may let
Then, equations (.)-(.) are reduced to
Solving the system, we have
The coefficients p, l, and μ need to satisfy (.), and correspondingly (.) and (.) give a periodic solution.
Asymptotic behavior of the one-periodic wave solution
The well-known soliton solution of the D Toda lattice equation can be obtained as the limit of the periodic solution. For this purpose, we write q = exp πiτ and take the limit as q →  (or Im τ → ∞).
Proof Denoting q = exp πiτ , the quantifies defined are then expanded in powers of q as
Therefore, as q → , we have c → , and thus αp
The one-periodic wave solution (.) converges, as q → , to 
After some tedious calculations, we derive (.). A solution curve of u(x, y, n) for a fixed y and μ = . is presented in Figure  , and the corresponding solution for varying y is presented in Figure  , from which we see that this solution is periodic in the space coordinate.
A solution curve of u(x, y, n) for a fixed y and μ = .i is presented in Figure  , and the corresponding solution for varying y is presented in Figure  , from which we see that this solution is periodic in the space coordinate. However, the shapes of the solutions between μ = . and μ = .i are different. This shown μ is affect to the one-periodic solution. 
Two-periodic wave solution and asymptotic behavior
In what follows, we consider the two-periodic wave solution to the ( + )-dimensional Toda lattice equation (.), which is a two-dimensional generalization of a one-periodic wave solution.
Construction of the two-periodic wave solution
Now we consider the two-periodic wave solution of the D Toda lattice equation. By setting N =  in equation (.) and substituting it into (.), we have
where the new summation index
, and the elements of the matrix A and vector b are
Then we have 
Asymptotic behavior of the two-periodic wave solution
The two-soliton solution of the D Toda lattice equation can be obtained as a limit of the two-periodic solution.
Theorem  Suppose that  < r  <  and  < r  <  are constants satisfying |λ  | r  →  and 
with the constraints
where A  = πiτ  .
Proof Using the quantities
we expand the two-periodic wave solution (.) (N = ) in the following form: 
We now verify formulas (.) and (.). To this end, we expand each function inG(, ) = G(, ) =G(, ) =G(, ) =  into series of λ  and λ  . We only need to make the first-order expansions with λ  and λ  to show the asymptotic relations (.) and (.). Here we keep the second-order terms in order to see deeper relations among the parameters of the twoperiodic solution and two-soliton solution. From 
where s  + s  ≥ , using c = , we derive the asymptotic relations where s  + s  ≥ , using c = , we derive the asymptotic relations We now plot the graph for u(x, y, n) in order to analyze the two-periodic solutions (.).
Figures  and  describe the curve of u(x, y, n) of fixed y and real μ  , μ  , respectively, for y = . and y = -. From the two curves show that the shape of the solution is not affected by y, but y has influence on translation. The corresponding solution for varying y is presented in Figure  , from which we see that this solution is periodic in the space coordinate. Similarly, we consider the imaginary value for μ  = .i and μ  = .i. A solution curve of u(x, y, n) for a fixed y is presented in Figures  and . The corresponding solution for varying y is presented in Figure  , from which we see that this solution is periodic in the space coordinate.
The imaginary part of the periodic solution (.) is presented in Figures  and  , from which we see that the solutions are periodic in the space coordinate.
